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JAEHONG KIM 

Abstract. This paper is motivated by Grothendieck's splitting theorem. In 
the 1960s, Gohberg generahzed this to a class of Banach bundles. We consider 
a compact complex manifold X and a holomorphic Banach bundle E —>■ X that 
is a compact perturbation of a trivial bundle in a sense recently introduced by 
Lempert. We prove that E splits into the sum of a finite rank bundle and a 
trivial bundle, provided H^{X, 0) = 0. 



1. Introduction 

This paper deals with holomorphic vector bundles over complex manifolds. Let 
us recall two theorems in the subject that are relevant for this paper. The first is 
(a special case of) the finiteness theorem of Cartan-Serre [2] : if X is a compact 
complex manifold with dim X = n and ^ is a holomorphic vector bundle of finite 
rank over X, then 

dimH'^iX, 1/) < oo , for < g < n. (1.1) 

The other result is Grothendieck's splitting theorem, useful in many areas of 
geometry and physics. 

Theorem (Grothendieck [^). Every finite rank holomorphic vector bundle over 
the Riemann sphere splits into the sum of line bundles. 

For bundles of infinite rank over finite dimensional, indeed compact manifolds, 
which are in our focus, certain generalizations of the finiteness and splitting 
theorems were first proved by Gohberg and Leiterer, see [3], and [5]. In order 
to explain their results and also our findings, we need to introduce some notions 
of infinite dimensional analysis. A complex Banach manifold X is a Hausdorff 
space with an open cover X = [jUi, and homeomorphisms ipi from Ui to open 
sets in a complex Banach space such that all transition mappings ipi'^'j'^ ^-^e 
biholomorphisms where they are defined. We call [Ui, tpi) a coordinates system 
of X. Let X be a compact Banach manifold, then dimX < oo, because balls in 
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infinite dimensional Banach spaces are not precompact. A holomorphic Banach 
bundle over X is a complex Banach manifold E together with a holomorphic 
map TT : E ^ X and a vector space structure on each fiber E^ = 7r~^{x). It 
is required that this structure should be locally trivial, i.e. there should exist 
biholomorphisms ipi : E\Ui ^ Ui x B, where f/j C X is an open set and -B is a 
complex Banach space, and tfi\Ex : Ex — * {x} x B is a vector space isomorphism, 
X & Ui. As with finite rank bundles, the local trivializations (fi give rise to 
functions : {UinUj)xB — > (t/jflt/j) x5, which are of the form f ) = 

{x,ipij{x)v). Here ipij : Ui fl Uj GL(i?) is a holomorphic map to the group of 
invertible linear transformations of B. Conversely, given holomorphic transition 
functions (fij : f/j fl Uj —>■ GL{B) such that (fij^pjk = <^ik, a holomorphic Banach 
bundle can be defined by gluing. If the transition functions ipij are of the form 
(Pij{x) = id+ compact operator, then we say the bundle is of compact type. 

Theorem (Gohberg [3]). Any holomorphic Banach bundle of compact type over 
the Riemann sphere splits into a finite sum of line bundles and a trivial Banach 
bundle. 

Our main goal is to extend this result to other manifolds. In fact, following 
Lempert pT], we shall consider bundles slightly more general than compact type. 
Let E, E he Banach bundles over a complex manifold X. We say ii^ is a compact 
perturbation of F if there exist an open cover il = {Ui} of X, homomorphisms 
(fi : E\Ui F\Ui for every f/j G it which are Fredholm operators on each fiber 
Ex, X G Ui, and (fi — (pj are compact operators on each fiber E^, x G Ui H Uj. 
Every finite rank bundle is a compact perturbation of a trivial Banach bundle 
and if E is of compact type, then E is a compact perturbation of a trivial bundle. 

Our main result is 

Theorem 1.1. Let X be a compact complex manifold with H^{X, 0) = 0, and 
E —>■ X a holomorphic Banach bundle. If is a compact perturbation of a trivial 
bundle then it splits into the sum of a trivial Banach bundle and a finite rank 
bundle. 

It turns out that H^{X, 0) = is a necessary condition. Section 4 of [llj con- 
tains an example, due to Vajaitu, that shows that if X is Kahler and H^{X, 0) ^ 
0, then there is a compact perturbation F of a trivial Banach bundle T — > X 
with infinite rank such that H^{X,F) = 0. Hence F cannot have any trivial 
subbundle. 

2. Basic Notions 

Let X be a finite dimensional complex manifold, C®TX = T^'°X©r°'^X X 
the complexified tangent bundle of X, and E ^ X a holomorphic Banach bundle. 
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An ii^- valued r-form / is a map 

r 

f:^(C0TX)^E, 

whose restriction to any fiber 0^(C (g) T^X) is a continuous, alternating, and 
complex r-linear map. It is called a (O,r)-form if /(Ci,...,Cr) = whenever 
G T^'^X for some 1 < J < t. So 0-forms are global sections. Let {{Ui,ilJi)}i 
be an atlas of X such that there are trivializations (pi : E\Ui ^ Ui x B, where 
(5, II II) is a Banach space. Fix smooth vector fields ^i, . . . on X which 
span each tangent space T^X. Let Q'^(X,E) be the space of smooth valued 
(0. r)-forms with the following seminorms, one for each compact K G Ui and 
A; = 0,l,2,..., 

\\f\\K,k = sup ■ • . . . Wll , (2.1) 

the sup taken over all tuples C,ji, ■ ■ ■ , ■Cis+r) < s < /c, (if s = 0, set ■ ■ ■ C,jo = 1), 
and X E K G Ui. Then fl^{X, E) is a Frechet space whose topology is independent 
of the choices made. If X is an open set in C" and T — X xB isdi, trivial Banach 
bundle, then / e T) can be expressed as 

J 

where the fj arc 5-valued functions and |J| = r. A C-linear operator dT,r '■ 
or (X, T) Or^^ (X, T) is defined by 

For a general holomorphic Banach bundle E ^ X, d — dE,r • ^^{X,E) — > 
Vf^^^iyX^E) is defined through local charts and trivializations as above by 

Since 9 is a continuous operator, Z'^q{X,E) — KerdE,r is a Frechet space. We 
endow the cohomology groups 

Hl{X,E) = ZgX,E)/d^V-\X,E) 

with the induced quotient topology. Thus H^{X, E) is a complete locally convex 
space but not necessarily Hausdorff. 

3. DOLBEAULT ISOMORPHISM 

In this section, we will recall how the sheaf cohomology groups H'^{X, E) can 
be endowed with a locally convex topology, and show that Dolbcault's isomor- 
phism H^{X,E) = H'^{X,E) is an isomorphism of locally convex topological 
vector spaces. 
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Fix smooth vector fields ^i, . . . that span each tangent space T^X. Let 
ifi : E\Ui ^ Ui X B he a. triviahzation over Ui C X, where {B, \\ ||) is a Banach 
space. Further let il be a countable cover of X consisting of such open sets. As 
in [11], we consider the double complex 

C^''(il) = C'iii, E)= W Ui, E) 

Uo,...,Uq&iX 1=0 

with Cech coboundary 6 = 6'^'^: C'^''(il) —>■ C^+^'''(ii) and componentwise B = 
gqr . ^gr(^) ^ C'^''-+\il) . Sct Z'^'' (IX) = Z^"- {ii, E) = Kcr 9^'^ H Ker We endow 
the Cech cohomology groups 

//"(il, E) = Z'^^ii, E)/5{KeT d n C^-^'^ii, E)) 

with the induced quotient topology. Also we endow the sheaf cohomology groups 
H^{X, E) with the topology induced by the direct limit of the system {//''(it, i?), 7^}, 
where 7^ are the refinement homomorphisms. 

Theorem 3.1. Let X be a finite dimensional complex manifold, and E ^ X 
a holomorphic Banach bundle. Then H'^{X,E) = H'^{X,E) as locally convex 
topological vector spaces. 

For the proof we have to introduce a subcomplex of C'^'^{ii). With Ui, ipi, 
^1, . . . , ^rrt as above, and W CC Ui an open subset, consider the space of bounded 
i?-valued (O,r)-forms fll{W,E) C Q'^{W,E) with the following norm 

ll/llb = sup||</?i/(^ji,...,^jj(x)||, 

the sup taken over all tuples ^j^, . . . , and x G W. Given a cover 221 consisting 
of such open sets, we define a double complex 

crm = crm e)= n ^^(fl ^) 

Wo,...,Wgew i=o 

with 6 and d as before. Set Z^''{W) = (2IJ, E) = Z'i^iW, E) n (20, E) and 
endow the cohomology groups 

HliW, E) = Zf{W, E)/6{Keidn C^^-^'\W, E)) 

with the induced quotient topology. 

The following definition comes from [11]: 

Definition 3.2. We say that a countable open cover 2IT of X is special (with 
respect to E) if (a) for every G 22J there is a biholomorphism of a neighbor- 
hood of W into some C" that maps W on a bounded, strongly pseudoconvex 
domain with smooth boundary; also E is trivial on this neighborhood, and (b) 
the boundaries of G 2U are in general position. This latter means that if /c G N 
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and Pi are smooth defining functions of Wi G 211, i = 1, . . . , fc, then dp^^ . . . , dpj^ 
are hnearly independent at each point of the set {pi = ■ ■ ■ = = 0}. 

From Sard's theorem, it follows that there are arbitrarily fine spacial covers. 

Suppose QJ is a special cover of X, and il is a countable refinement of 5J 
consisting of Stein open sets. A refinement map 7 : il — QJ induces a linear 
map (23) hy g = {gv)v ^ g\'d = {g'y{U)\U)u. In HD Lemma 2.5], 

Lempert constructed homomorphisms (continuous linear maps), 

e = e'i' : Z'?"(il) ^ Zl^^), for g, r > 0, 

R = Ri^ : C«'^(il) C«-^'"(il), for g > 1 and r > 0, 

S = S'^'' : (23) ^ C^«'""^(23), for g > and r > 1 

with the following properties: 

(a) if / G Z°"(il), then ef\ii = f; 

(b) if g > 1, then e'^'' = 5S'i-^'''+^e'i-^-''+^dRi''] 

(c) if g > 1 and / G Z'"^(H), then there exists h G ^^-^'^(il) such that 9/i = 
and — / = 

(d) if g > 1, then 5Rf + R6J = f on C9"(il); 

(e) if r > 1, then dSf + Sdf = f on (23). 

In fact, Lempert claims (d) and (e) only for / G Z''^(il) and ^^^"(23) respectively. 
But from his definition of R and S, (d) and (e) hold as stated here. 

Proposition 3.3. Let 23 be a special cover of X and ii a countable refinement 
of 23 consisting of Stein open sets. Then the composition 

L:Z'^^{!d) Z'^iii) Zl{X,E) (3.1) 

induces a topological isomorphism L : H'^{li,E) H^{X,E). Here {dRY = 
dR^'i-^ . . . and the isomorphism in (13.11) is the inverse of the isomorphism 

/ ^ (/|f/)i/eu- 

Proof. That H'^[ii, E) and if|(X, i?) are isomorphic as vector spaces, of course fol- 
lows from the local solvability of d and from the softness of the sheaves fl'^{X, E), 
i.e. from the existence of the operators S and R. In fact, the vector space iso- 
morphism obtained by diagram chasing will be our L. Since L is continuous, so 
will be L, and we are left with showing is also continuous. Consider the 
composition 

A : ZliX, E) ^ Z°'?(2J) (23) ^ Z^O(il), (3.2) 

where the first map is / ^— {f\V)ve^ and {5Sy = 6S'^^^'^ ■ ■ ■ 6S'^'^; the last map is 
the refinement homomorphism induced by a refinement map il — > 23, continuous 
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by Cauchy estimates. Thus A itself is continuous. 

We compute AL. Observe that the composition of the last map in (13. ip with 
the first map in (13.21) is 

e^-? : Z^'^iii) ^ Zl{X,E) Z°'(QJ). 

Since {6Sye^'^{dR)'^ = e'^'^ by (b) above, we obtain AL as the composition 

AL : Z«0(il) Zf{^) Z^O(H). 

In view of (c), therefore AL induces the identity on if'^(il), and so L~^ is contin- 
uous. □ 

Proof of Theorem \3.1\ By [ll^ Corollary 2.6], if 211 is a special cover of X and il 
is a Stein open cover of X which is finer than 211, then 

E) ^ HliW, E) ^ i7«(X, E). (3.3) 

By Proposition ESI and ([S3D, therefore H^q{X,E) ^ H'i{X,E) as locally convex 
topological vector spaces. □ 

4. COHOMOLOGY OF TENSOR PRODUCTS 

In this section, first we will recall the notion of tensor products. Then we 
consider a compact complex manifold X, a holomorphic Banach bundle V ^ X 
of finite rank, and relate the cohomology groups of V to those of V tensorized 
with a trivial Banach bundle. This we do by extending Hodge's decomposition 
theorem to a certain type of Banach bundles. 

If {A, II 11^) and {B, \\ \\^) are Banach spaces, then there are many ways to 
give a topology to the tensor product B. But if dim A = m < oo, there is 
no ambiguity, and in fact A®B = B(B---(BB,m times. Concretely, if A is a 
Banach space with a basis {ai, . . . , am}, then a norm on A^ B can be given as 



^ tti (g) 6i 



'I 

i=l 



= max llflill^ ||&i||^ , bi e B. 

i 

If — i> X is a finite rank bundle and E ^ X is a. Banach bundle, then the tensor 
product bundle n -.V ® E X, whose fiber is 7r~^(x) =Vx® E^, is well defined. 
If T = Xxi?^X is a trivial Banach bundle, then we denote the tensor product 
bundle V^T^XhjV^B. There is a canonical embedding of vector spaces 

i : ^]5(X, V)®B ^ ni{x, V®B) 

E ® ^ ((^1' ■■■^Q^Yl /^(^i' ■ ■ ■ ' ® b,), ^^-^^ 

where fj G n%X, V), bj G B, and G TX. 
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Lemma 4.1. i in (14.11) is injective and has dense range. For any finite dimensional 
subspace F C Q'^{X, V), the restriction i|F i? is continuous and i{F ® B) G 
n'^{X,V®B) is closed. 

Proof. Density follows from [8^ Proposition 2.1], and continuity of i|-F 5 is 
straightforward. As to injectivity, clearly it suffices to show that i\F ® B is 
injective for any finite dimensional subspace F C Q'^{X, V). We shall verify this 
now, and at the same time show x{F ® B) G Q'^{X, V ® B) is closed. Let V* 
be the dual bundle of V. Successively construct fi & F, xt E X, uji G V*., and 
iii,...,iinE T^,X for z = 1, 2, . . . , dimF, so that 



1 , if 2 = j 
, if 2 < J. 

Thus the fi form a basis of F. We claim that there are constants c, such that if 

dimF 

/ = i J] /i ® &i e 5, (4.2) 

i=l 

then 

\MB<c-A\f\\o. (4.3) 

This follows by induction on z, upon substituting . . . , in fl4.2l) and applying 
uji for i = 1,2, . . .. Thus we see i is injective. Next suppose that G B are such 
that 

lim i (g) 6,f = ^ e n'^iX, V ® B). 

fc— >oo ' 

i 

Then (14. 2p . (14. 3 p show that for each i the 6f form a Cauchy sequence. If 
limfc^oo^f = i>i, then clearly g = fi h E i{F B); that is, i{F (g) S) is 
indeed closed. □ 

Henceforward we shall treat Q'^{X, V) ® B as a. subspace of Q'^{X, V ®B). The 
main result of this section is the following. 

Theorem 4.2. Let X be a compact complex manifold, V ^ X a. holomorphic 
Banach bundle of finite rank, and B a Banach space. Then the embedding i in 
(14. ip induces an isomorphism 

H'i{X,V)®B H'>{X,V®B) 
of locally convex topological vector spaces. 

Observe that d\mH'^{X, V) < oo, so the topology on H'^{X, V) ® B is defined 
as above. The special case H'^{X,V) = was earlier proved by Leiterer in [8]. 
Theorem 14.21 shows that for bundles of infinite rank, we cannot expect a finiteness 
theorem as (II. ip . 
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We start by introducing notation from Hodge theory. Let X be a compact 
manifold and V —>■ X a finite rank vector bundle. Fix hermitian metrics on X 
and V; they determine an inner product (/, g) on Q'^{X, V). With the adjoint d* 
of B, we set 

□ = = dg.,d; + d;^,dg ■. n^ix, v) ^ ^]^(x, v). 

By Hodge's theorem (see e.g. \12l), there are the orthogonal projection H = 
Hq : Q'^{X,V) — ^ HQ'^{X,V) to harmonic (0, g)-forms, and Green's operator 
G = Gg: ni{X, V) Q'^iX, V) satisfying 

id = H + DG, Hd = dH = 0, and Gd = dG. (4.4) 

It is not known whether for general Banach bundles there is anything like a 
Hodge decomposition. But we will use (14.41) to define such a decomposition for 
bundles of form V ^ B. 

Lemma 4.3. Let X be a complex manifold, V ^ X a. holomorphic Banach bun- 
dle of finite rank, and B a Banach space. Given any q and q', if T : Q'^{X, V) — >■ 
is a continuous linear operator, then there exists a continuous linear 

operator 

: n^iX, V®B)^ fi^'(X, V®B) 
such that = T® ids on ^^(X, V)®B. 

Proof. In [8, Proposition 2.2], Leiterer proved this for operators acting between 
and forms. The same proof gives the result for smooth forms. Alternatively, 
Leiterer's Proposition 2.2 implies our Lemma, since the continuity of T means 
that for every I G N there is a G N so that T extends to a continuous linear 
operator {X,V) ^ C[, (X, V) . □ 

Denote L = Lg = d*Gg : ^^(x, V) ^^-^(X, V). We shall apply LemmaSJ 
to the operators H and L. Note that fjO|) imphes that on fi'?(X, V) 5 

id = H ids +nG ids 

= H ^ids +dvLg (g) ids +Lg+idv ® id^ . ''^'^^ 

Lemma 4.4. Let X be a compact complex manifold, V" ^ X a holomorphic 
Banach bundle of finite rank, and B a Banach space. Then the terms on the right 
hand side in 04.51) can be extended to continuous linear operators on fi'^(X, V®B), 
and the extended operators will satisfy the same identity. 

Proof. L and H are continuous on Q'^{X, V) (see e.g. [12i Chapter 4, Section 4]). 
By Lemma H^ there exist continuous linear operators and on Q'^{X, V^B) 
such that = = Lg® ids and = H ® ids on fi«(X, ® B. As 
^^(X, V)®Bis dense in fi«(X, V ®B), the identity, 

id = H^ + dv^BLf + Lf+A^B, (4.6) 
follows. □ 
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Proposition 4.5. Let X be a compact complex manifold, V — > X a holomorphic 
Banach bundle of finite rank, and B a Banach space. Then 

: Zl{X,V ® B) ^ H^n'^{X,V B) (4.7) 

descends to an isomorphism 

Hl{X, V(^B) = H^Vt\X, V ®B)C. n\X, V ® B) 

of locally convex topological vector spaces. 

Proof. (I13D and density imply dH^ = H^d = 0, and = H^H^. This 
shows first that H^Qi^X, V®B) = H^H^ni{X, V^B) C H^Z^^X, V®B),so 
(14.71) is a continuous surjection; and second that (14. 7p descends to a continuous 
surjection if|(X, 1/®5) H^Qi{X,V®B). This latter is injective by (gS]). It 
also has a continuous inverse, because with the seminorms || ||^^ in (12.11) and 
the corresponding quotient seminorms on if|(X, V^B) one can estimate the size 
of the cohomology class [/] of any / G 2'|(X, V ® B) as 

II = inf 11/ + dg\\^^^ < 11/ - BL^fW^^^ = \\H^f\\^^, • 

□ 

Now we are ready to prove Theorem 14. 2[ 

Proof of Theorem \4-^ In view of Proposition 14.51 it suffices to show that by 
restricting i of (14. ip . we obtain a topological isomorphism 

i : {HQ%X, V))®B-^ H^Q'^iX, V ® B). 

Lemma 14.11 implies that i is continuous. Since i is injective, so is i. By Lemma 
14. II the range of i is dense in Q'^{X, V ®B); hence the range of H^i, i.e. the range 
of i, is dense in H^Q'^{X, V B). By Lemma [4.11 the range is also closed, so it 
must be H^Q'^{X, V ® B), and by the open mapping theorem i is a topological 
isomorphism. □ 

5. The Splitting of Banagh Bundles 

We observed that cohomology groups of Banach bundles can be infinite dimen- 
sional. Still, Leiterer and Lempert have proved finiteness theorems for a certain 
type of Banach bundles. Lempert's finiteness theorem will be the starting point 
in the proof of our splitting theorem. 

Theorem (Lempert [H]). Let X be a compact complex manifold, E, F holomor- 
phic Banach bundles over X that are compact perturbations of one another, and 
g = 0, 1, . . .. If Hi+\X, E) is Hausdorff and dimi/«(X, E) < oo, then ^{X, F) 
is also finite dimensional (and Hausdorff). 
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Corollary 5.1. Let X he a compact complex manifold, V ^ X a. liolomorpilic 
Banach bundle of finite rank, and E ^ X a, holomorphic Banach bundle that is 
a compact perturbation of a trivial Banach bundle T ^ X. If H'^{X, V) = 0, 
then dimi7'?(X, V ^ E) < oo. 

Proof. V^E is a compact perturbation of V^T. By Theorem 14. 21 H'^^^{X, V^T) 
is Hausdorff and H''{X, V ^T) is finite dimensional. Hence the Corollary follows 
from Lempert's Theorem. □ 

In [8], Leiterer proved the above Corollary, assuming a mild condition (the 
compact approximation property) on the fibers of E. 

Our Splitting Theorem 11.11 is a consequence of the following two propositions. 

Proposition 5.2. Let X be a compact complex manifold and E X a holo- 
morphic Banach bundle that is a compact perturbation of a trivial bundle. If 
H^{X, 0) = then E has a trivial subbundle of finite corank. 

Proposition 5.3. Let X be a compact complex manifold, E ^ X a holomorphic 
Banach bundle, and T G E a trivial subbundle of finite corank. Then E has a 
subbundle F of finite rank and T has a trivial subbundle T' of finite corank such 
that E = T'®F. 

We start with the proof of Proposition 15. 3[ 

Proof of Proposition 15.31 Let T be the bundle X x B X with B a Banach 
space, and write G = E/T. With A d B a closed subspace to be specified 
and S C T the subbundle X x A X , the quotient map E — > E/S induces a 
homomorphism of short exact sequences of Banach bundles 

> T ^ E > G > 

id 

>K ^ 

> T/S y E/S > G > 0, 

and also of 

^ Hom(G,T) ^ Hom(G,E) > Hom(G, G) > 

id 

> Hom(G,T/5) > llom{G,E/S) > Hom(G', G) > 0. 

(5.1) 
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Let G* be the dual bundle of G. Since Hom(G, T)^G*®B and Hom(G', T / S) ^ 
G* ^ B/A, Theorem 14.21 gives us a diagram 

iyi(X,Hom(G,T)) H\X,G*)®B 

(5.2) 

H\X,Rom{G,T/S)) H\X,G*)®B/A. 

With the right vertical arrow induced by the quotient map B B/A, the dia- 
gram (15.21) is commutative since the embedding i in (14. ip is functorial in B. From 
(15.11) . portions of the associated exact sequences in cohomology give a commuta- 
tive diagram 

r(X,Hom(G,G')) H\X,}lom{G,T)) 

id 

r{X,Rom{G,E/S)) — ^ r(X, Hom(G', G)) — ^ H\X,Rom{G,T/ S)). 

(5.3) 

Consider the section h of Hom(G, G) corresponding to the identity homomor- 
phism G ^ G. Its image a{h) in H\X,}iom{G,T)) ^ H\X,G*) ® B can be 
written a{h) = ^™ gi bi, Qi G H^{X, G*), k G B. If we choose A C 5 to be 
the span of the bi, then (15.31) shows that = vr (a(/i)) = 7(/i), and so h is in 
the range of /3. In other words, the identity homomorphism G ^ G is covered 
by a homomorphism G —* E/S; the image G' C E / S oi this latter has then 
finite rank and is complementary to T/S (Z E/S. If we now choose F G E to 
be the preimage of G' under the quotient map E — >• E/S, and T' C T to be 
complementary to S* C T, then E = T' (B F , as claimed. □ 

The following lemma is not new; for lack of reference we include a proof. 

Lemma 5.4. Let /i : L — P„ be a negative line bundle, h : L ^ W a. negatively 
curved hermitian metric, and D = {h < 1}. Then H'^{D, 0) = for g > 0. 

Proof. Let S*^ = M/Z, then S^ acts continuously on L by 

p^{v) = ,teS\veL. 

Let il = {Ui} be a Stein cover of P„, then 2J = {Vi = Dn ji^^Ui} is a Stein cover 
of D. For cocycle / G Z«(23, 0), set 

fk= I e-^-'^'plfdt, for > 0, 

so that / = XlfcLo /fc fiberwise homogeneous expansion of /. Now the k- 

homogeneous cocycle fk can be thought of as a cocyle in Z'^{ii, L~^), and therefore 
it is a coboundary (for example by Kodaira's vanishing theorem). Therefore 
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[/] e i/«(5J,0) is the hmit of the classes ELolM = ^ Hi{^,0). On the 
other hand, the condition on h means that D has strictly pseudoconvex boundary, 
hence by Grauert's theorem (see [6]), H'^{D, 0) = H'^{^, 0) is finite dimensional 
and so Hausdorff. Therefore [/] = as claimed. □ 

Lemma 5.5. Let E X he a. holomorphic Banach bundle over a compact 
complex manifold, it : X ^ X the blow up at p G X, and E = ti*E — > X the 
pull back bundle. If X^f and are the ideal sheaves of germs of E- (respectively 
E-) valued holomorphic functions vanishing at p (respectively S = TT~^{p)), then 

TT* : H'^{X,E) H'^{X,E) and tt^ : H''{X,I^) H'^{X,I§) 

are isomorphisms for g = and monomorphisms for g = 1; if ii^ is of finite rank, 
then they are isomorphisms for any g > 0. 

Proof. Let dimX = n > 2 and ranki? = r < oo. (If dimX = 1, the Lemma 
is obvious.) The point p has a arbitrarily small neighborhood V G X, biholo- 
morphic to a ball, such that U = 7t~^V C X is biholomorphic to the disc bundle 
{h < 1} of a hermitian line bundle {L,h) over 5* = P„,_i. Choose V so that, 
in addition, is trivial. Then E\U is also trivial. Consider the following 
commutative diagram 

r(y,x^) T{v,E) 

K (5.4) 

r(f/,j|) TiU,E), 

where i and i are inclusion maps and tt* is the restriction of vr*. Both tt* and 
TT* are isomorphisms. The inverse of tt* is obtained by first associating with 
/ e T{U, E) the section 

{'n-'\V\{p]y fenV\{p],E) 

and then extending this section, by Hartogs' theorem, to p. The restriction of 
this inverse to r(f/, Xj') is then the inverse of tt*. Next let 221 be a Stein cover of 
X so that 1/ e 2n and no FT e W\{V} contains p. Let it = {vr-^iyiiy e 2U}. 
That TT* and vr* in (15. 4p are isomorphisms implies that 

H\W,E) = H^iii,!]) and H%W,I^) ^ H%ii,I§). (5.5) 
Because SB is Stein, by Leray's theorem, 

H\W,E) = H\X,E) and H\W,X^) ^ H\E,X^). (5.6) 
Since the canonical maps 

H\\i,E) H%X,E) and H'^{ii,X§) H\X,Xs) (5-7) 
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are isomorphisms for g = and monomorphisms for g = 1, by combining f lS.Sp . 
and ([5TD, 

TT* : H'^{X,E) H''{X,E) and vr; : H''{X,I^) i7«(X,x|) 

are isomorphisms for q = and monomorphisms for g = 1. 
Now let us assume ranki? = r < cxd. For j > 1 

w{y, E) = w{y, 1^) = w{u, e) = w{u, x|) = o. (5.8) 

The first two groups vanish simply because V is Stein, and the third vanishes by 
Lemma [5.41 since E\U is trivial. The last group fits in the exact sequence 

W-\U,E) W~\U,E/I§) W{U,I§) > W{U,E) = 0. 

(5.9) 

Since E\U is trivial, 

H^-\U, E/I§) = H^'\S, 0®'') ^ H^-\S, 0) ® C". 

Thus H^{U,E/I§) is identified with the space of constant C-valued functions 
over the compact S, and a is clearly surjective for j = 1. For j > 1, H^~^{S, 0) = 
by Kodaira's vanishing theorem. Therefore (3 = and H^[U,I§) = by (15. 9p . 
Although il is not a Stein cover, Leray's theorem still implies 

H'^{H,E) = H\X,E) and H''{ii,I§) = //'?(E,Xf), (5.10) 

because the only non-Stein intersection of elements of il is [/ itself, which is 
acychc according to (15. 8p . Putting together (15.51) . (15.61) . and (I5.10p . 

H%X,E) = H\X,E) and H%X,I^) = H\X,Xl). 

□ 

Lemma 5.6. Let X be a compact complex manifold with iJ^(X, 0) = 0, and 
E X a. compact perturbation of a trivial Banach bundle. If X^f is the ideal 
sheaf of germs of i?- valued holomorphic functions vanishing at p G X, then for 
g = 0,l 

dimi7^(X,X^) < oo. 

Proof. Let vr : X ^ X be the blow up at p G X and S = 7r~^(p), E, and Xf as 
in Lemma 15.51 Further, let Xp be the ideal sheaf of p G X and Is the ideal sheaf 
of 5* C X. Ts is isomorphic to the sheaf of sections of a line bundle L — > X. By 
Lemma [53] i/<?(X,L) = Hi{X,Is) = H''{X,Ip). This latter group vanishes for 
g = by the maximum principle, but also for g = 1, as follows from the exact 
sequence 

i/O(X,0) H\X,@/lp) > H\X,Ip) > H\X,0)=O, 
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where a is surjective. Since is a compact perturbation of a trivial Banach 
bundle, Corollary 15.11 implies H'^{X ,Xg) = H'^{X,L^E) is finite dimensional 
for g = 0, 1, and by Lemma 1331 so is H''{X,Jp). □ 

We prove Proposition 15.21 through these Lemmas. With the Banach space 
T{X, E) and given p G X, define homomorphisms 

e:Xx r{X, E) 3 {x, s) ^ s{x) e E, 

Sp : T{X,E) 3 s{p) G Ep. 

Lemma 5.7. If X is a compact complex manifold with H^{X, 0) = and E —>■ X 
a compact perturbation of a trivial bundle, then Sp is Fredholm for every p E X. 

Proof. If in the exact sequence 

H%X,I^) . H%X,E) H%X,E/I^) . H\X,I^), 

the space i/°(X, E/I^) is identified with Ep (and if°(X, E) with r(X, E)), then 
a becomes Ep. Since the spaces at the two extremes are finite dimensional by 
Lemma [5.61 Ep is indeed Fredholm. □ 

Lemma 5.8. Let X be a compact complex manifold, and E —>■ X a. holomorphic 
Banach bundle. 

(a) If Ep is Fredholm for some p G X, then there are a neighborhood f/ C X of p 
and a finite codimensional subspace A C r{X,E) such that Ex\A is injective 
and ExA C E^ is closed for x E U. 

(b) Let A C r(X, E) be a closed subspace, and U d X open. If Ex\A is injective 
and ExA C E^ is closed and finite codimensional for x E U, then e defines 
an isomorphism between the bundle U x A ^ U and a (necessarily trivial) 
subbundle T G E\U of finite corank. 

Proof, (a) Let A be a complementary subspace to Kere^. Let ip : E\y V x B 
be a trivialization, p E V G X . Denote by if : E\v ^ B the composition of ip 
with the projection V x B ^ B. Given x E V, let e^ be the homomorphism 

Ex '■ A 3 s (ps{x) G B. 

By the open mapping theorem, there is a constant c > so that < c ||£ps||^ 
for any s E A. Then 

\\s\\a < c\\ExS + {Ep -Ex)s\\jj < c\\ExS\\j^ + 

if X is sufficiently close to p, hence the claim. 

(b) We will prove this without the assumption that X is compact. The ad- 
vantage is then that, the statement being local, we can assume X = U C C" is 
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open and E = XxB^X is trivial. We will think of elements of r(X, E) as 
5- valued holomorphic functions on X. Our hypothesis still implies that A is a 
Banach subspace of T{X, E), in fact one isomorphic to a subspace of B. Choose 
hi, . . . ,hm € r(-^, E) so that for a fixed p G X, the hi{p) span a complemen- 
tary subspace to SpA C B. Define a homomorphism of the trivial bundles 
F = X X (A © C™) ^ X and E ^ X by 



where x E X , s E A, and /3 = . . . , Pm) G C™'. The differential of at (p, 0), 



is an isomorphism between C" x (A © C") and C" x i? by the choice of hi. 
By the implicit function theorem therefore is invertible on a neighborhood 
VxNgXx[A(B C) of {p, 0). In fact, the inverse can be extended to all of 
V X B hj linearity. The upshot is that is an isomorphism of the bundles E\V 
and E\V. Since the restriction of and e to V x {A(B (0)) agree, this implies the 
claim. □ 

Proof of Proposition \5.2[ By Lemma 15.71 and Lemma 15.81 (a), for each p G X, 
there are a neighborhood Up G X of p and a finite codimensional subspace 
Ap C r(X, ii^) such that ex\Ap is injective for x G Up. Lemma [5.71 also implies 
codime^^^p < oo. Let {Up \ p G P} be a finite cover of X, and A = flpeP^p- 
Then ex\A is injective for all x G X. Moreover ExA C -Ex is closed and finite 
codimensional. By Lemma [5.81 (b), T = eA C -E is a trivial subbundle of finite 
corank, which proves the Proposition. □ 
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